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Let G = (V,E), ω cyclic order on V (G). An edge decomposition

E : E = E1 + E2 + · · ·+ Ek

is a book embedding of (G,ω) if the pages G(Ei) are outerplane

wrt ω, all i. Let bt(G,ω) be least number of pages in any book

embedding of (G,ω). For G0 below, bt(G0, {7,4,1,6, ...}) = 4.

1

2

3

4

5

6

7

8

2



Let bt(G) := minωbt(G,ω). For the graph G0 above

bt(G0) = bt(G0, {1,2,3,4,8,7,6,5}) = 3.
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A book embedding (E, ω) of G is matching if the pages have

maximum degree 1. In fact, mbt(G0) = 4,
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where mbt, etc., denotes the invariants with degree-1 pages.
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By definition, mbt(G) ≥ χ′(G) ≥ ∆(G), where χ′ is chromatic

index (least number of colors needed to keep all adjacent edges

differently colored) and ∆(G) is max degree. Vizing showed that

χ′ ≤ 1 + ∆, and χ′ = ∆ when G is bipartite. Call G dispersible if

mbt(G) = ∆(G).

Conjecture (Bernhart and Kainen, 1979):

Every bipartite graph is dispersible.

For regular graphs, bipartiteness is necessary for dispersibility

(Overbay, 1998). The Heawood graph (bipartite, cubic with 14

vertices) satisfies the conjecture. Of 100,000 vertex orderings

tested, exactly three had mbt = 3.
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Here is the Heawood graph H with “naive” order, with mbt = 4.
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Here is a vertex order for H with mbt = 3.
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The dispersability conjecture also holds for regular complete bi-

partite graphs Kp,p
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and for hypercubes Qd
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So far, the evidence supports the following conjecture:

Matching book thickness equals chromatic index for all regular

graphs.
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As test cases, we consider c(n, k) := (V,E), where V = {1, . . . , n}
and E = {ij : d(i, j) ∈ {1, k}}, 2 ≤ k ≤ n/2, where d(i, j) is

distance along Cn. For instance, c(8,4) is
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c(n, k) is bipartite iff n even and k odd; c(n, k) is planar if n is

even and k = 2. Also, c(n, k) is toroidal for all n, k (n should be

7 not 10 in the caption; cycle edges would lie on main diagonal).

CHn,kL is toroidal; n=10, k=3
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Theorem: For n = 2k + r, k ≥ 2 and 0 ≤ r ≤ 3,

mbt(c(n, k)) = mbt
(
c(n, k), cycPrm(n, k)

)
= ∆(c(n, k)) + 1− b,

where b = 1 if c(n, k) is bipartite, b = 0 otherwise and cycPrm(n, k)

is the vertex order {k, k − 1, . . . ,1, k + 1, k + 2, . . . , n}.

When b = 0, the extra page contains a fixed number of edges

depending on the residue class of k (mod 4), while the first ∆

pages have number of edges increasing with k. Thus, these

matching book embeddings are almost ∆-page.

One could also consider mbtmax(G) := maxωmbt(G,ω). But

mbtmax(c(2k, k)) ≥ mbt(c(2k, k), {1,2, . . . ,2k}) = k.
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The following slides show that a regular layout into pages holds

for the class of circulants given in the theorem above. For C(n,2)

similar results hold with the fifth page requiring 2 edges when n

is odd, 1 edge when n ≡ 0 (mod 4), and 3 edges when n ≡ 2

(mod 4).
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c(2k, k), k odd; bipartite and 3-page
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c(2k, k), k even; not bipartite and 4-page with only two edges on

the extra page.
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c(2k+ 1, k), k odd; not bipartite and 5-page with only two edges

on the extra page.
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c(2k + 1, k), k ≡ 2 (mod 4); not bipartite and 5-page with only

two edges on the extra page.
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c(2k + 1, k), k ≡ 0 (mod 4); not bipartite and 5-page with only

two edges on the extra page.
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c(2k + 2, k), k odd; bipartite and 4-page.
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c(2k + 2, k), k ≡ 0 (mod 4); not bipartite and 5-page with two

edges on the extra page.
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c(2k + 2, k), k ≡ 2 (mod 4); not bipartite and 5-page with two

edges on the extra page.

1

2

3

4 5

6

7

8

9

10

11 12

13

14

1

2

3

4

5
6 7

8

9

10

11

12

13

14

15

16
17 18

19

20

21

22

22



c(2k + 3, k), k odd; not bipartite and 5-page with four edges on

the extra page.
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c(2k + 3, k), k ≡ 0 (mod 4); not bipartite and 5-page with five

edges on the extra page.
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c(2k + 3, k), k ≡ 2 (mod 4); not bipartite and 5-page with five

edges on the extra page.
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